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1. INTRODUCTION 
In this paper we consider the degenerate lliptic equation 
(1-xx~)[(l-xx’)i~1~+2(&,xi~]=o (1.1) 
I 
in n-dimensional extended space, where n # 1 is any positive integer, 
x = (Xl )...) x,), x’ is transpose of x. The degenerate surface of (1.1) is the 
unit sphere. Equation (1.1) is elliptic inside and outside the unit sphere. 
This equation has been studied in [ 1, 3 and 43. In [3] and [4] we studied 
the Dirichlet and Neumann problems for this equation. The solutions of 
(1.1) are called harmonic functions. In this paper we study fundamental 
properties of harmonic functions of (1.1). Our main results are: 
(1) A mean value and Poisson integral formulas; 
(2) Weierstrass’ convergence theorem; 
(3) Harnack’s inequality and Harnack’s theorem; 
(4) Analyticity; 
(5) Gauss’ integral theorem; 
(6) The maximum principle, discussed in the Appendix. 
Because of the degenerate surface some of the above results differ from 
the usual elliptic case. 
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In order to establish the above results, first we have to study some 
geometric properties of this extended space. We denote the extended space 
of n-dimension by E”. 
1.1. Distance in En 
From [ 11, we know that one of the generating elements of the transfor- 
mation group on E” 
y=(l-aa’)(x-a)-(x-a)(x-a)‘a 
1 - 201x’ + aa’xx’ (1.2) 
is the hyperbolic translation in E”, where x, y, a are n-dimensional real vec- 
tors, x’, a’, (x - a)’ are transposes of x, a, x - a. 
1.1.1. DEFINITION. In E” the distance between two points x and a is 
denoted by s(x, a) where 
s2(x, a) = 
(x - a)(x - a)’ 
1 - 2ax’ + aa’xx” 
Remark. From (1.2) we get 
yy,= (x--)(x--a) 
1 - 2ax’ + aa’xx” 
(1.3) 
(1.4) 
The definition of distance comes from formula (1.4) and the fact 
1 - 2xx’ + aa’xx’ > 0. (1.5) 
In fact if we suppose the lengths of vectors a and x are R and r, and 8 is the 
angle between a and x, then we have 
1 - 2ax’ + aa’xx’ = ( 1 - ax’)2 + aa’xx’ - ( ax’)2 
=(1-Rrcos8)2+R2r2(1-~~~20)~0. 
The case when 1 - 2ax’ + aa’xx’ = 0 is discussed in 1.1.3. 
1.1.2. Zero distance. If at least one of two points is on the unit sphere 
the distance between these points cannot be zero. From (1.3) we know that 
when x and a are not on the unit sphere, 
s(x, a) = 0 
holds iff x = a holds (in this case 1 - 2ax’ + aa’xx’ = (1 - aa’)’ > 0) so the 
meaning of zero distance is the same as Euclidean distance. 
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1.1.3. Infinite distance. Since x = u/au’ is equivalent to 
1 - 2ax’ + [XCL’XX = 0 (1.6) 
and in this case 
(x-a)(x-a)‘#0 (aa’# 1) (1.7) 
Obviously (1.6) and (1.7) are equivalent to 
s(x, a) = co. 
So in E” the distance between point 01 and point a/cm’ is infinite. 
1.2. Sphere in E” 
1.2.1. DEFINITION. Suppose the distance function s(x, ~1) satisfies 
s(x, a) = r (l-8) 
where r (>O) is a constant, then we say (1.8) represents a sphere with cen- 
ter at point a and with radius r in E”. 
1.2.2. The unit sphere. From (1.4) we easily obtain 
l~yyy’=(l-~w-xx’) 
1 - 2ax’ + &x’xX ’ (1.9) 
Equation (1.9) means that under hyperbolic translation (1.2), the unit 
sphere xx’ = 1 is transformed into the unit sphere yy’ = 1, and since 
cm’< 1 aa’> 1 
or 
xx’< 1 xx’>l*Yf<l 
(1.10) 
aa’ < 1 aa’> 1 
or 
xx’> 1 xx’< 1 
oyy’> 1 (1.11) 
we know that when u is inside the unit sphere the translation (1.2) 
transforms the interior of the unit ball into the interior of the unit ball and 
transforms the exterior of the unit ball into the exterior of the unit ball; 
when a is outside the unit sphere, (1.2) transforms the exterior of the unit 
ball into the interior of the unit ball, and transforms the interior of the unit 
ball into the exterior of the unit ball. 
1.2.3. Any sphere and the relation between a sphere in E” and a sphere in 
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R”. From Definition 1.2.1 a sphere with center at point c( with radius r is 
represented by 
(x--)(x-a)’ 2 
1 - 2ax’ + aa’xx’ = r * 
(1.12) 
Equation (1.12) is equivalent to 
xx’( 1 - a&) - 2ax’( 1 - r2) + ClGl’ - r2 = 0 
if r2 = l/au’, and (1.13) becomes 
-2txx’(l -r2)+tltl’-r2=0. 
This is a plane in R”. If r2 # l/u.cc’ (1.13) is equivalent to 
(1.13) 
(1.14) 
XXI-2 
1 -r2 ad - r2 
1 - tla’r’ 
ax’ + 
1 - cia’r’ 
=o. 
We get 
( 1 -r2 X-l-aa’r2CI X-l-~~‘r2 )( 1-r2 +[y;-;;q’. (1.15) 
This is a sphere with center at point (( 1 - r’)/( 1 - act’r2)) a with radius 
r( 1 - crcr’)/( 1 - aa’r2) in R”. Thus we have the following results: 
In En a sphere with center at point a with radius r has two meanings 
in R”: 
(1) If r2 = l/ctcr’, it represents a plane (1.14) in R”. 
(2) If r2 # l/as’, it represents a sphere (1.15) in R”. 
Remark. When a~‘= 1 (1.15) becomes (x- CI)(X- a)‘=O. This means 
that when M is on the unit sphere, the sphere s(x, CC) = r in Efl is degenerate 
to a point x = CI in R”. 
2. THE MEAN VALUE FORMULA AND THE 
POISWN INTEGRAL FORMULA 
2.1. The Mean Value Formula about the Origin 
In this section we use Eq. (1.1) in spherical coordinates 
(l-p2)” a p”-’ 
P n-1 ap (1-p2)nPZ ap ( 
~)+(+y+o (2.1) 
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where x = pu = p(cos 8,) sin 8, cos O2 ,..., sin 8, ... sin O,- 2 cos 8,_ 1, 
sin 8, --* sin 8,- 1), 
n-1 
a;= 1 
i 
1 
i=l sin28, . ..sin’8.-l~+(n-1-i)sin2~lcotS~~2~i-l~}’ 
THEOREM. Let the domain D be the unit ball and Ea. (2.1) be given on D. 
If U(pu) is a twice continuously differentiable function and satisfies Ea. (2.1) 
in D and U(pu) is a continuous function on D + aD, then for any p < 1 we 
have the mean value formula for U(O) given by 
(2.2) 
where co,- 1 is the area of the unit sphere in R”, and ti = sinnP2 8, sinne3 0, 
.-*sin tYnP2 de, . ’ * de, _ 1 is the spherical element. 
Proof Let 
J'(P)= $-juu,=l-.j U(PU)k O<P<l. (2.3) 
Differentiating (2.3) under the integration symbol, we obtain 
(2.4) 
Since the function U(pu) is periodic with respect o O1,..., Oi,..., 8,- 1, from 
[ 1 ] we know that 
i.e., 
Then we get 
n-1 
(1 pp’)“-’ dp 
d F(p) = constant. 
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From the case p = 0, we obtain 
n-1 d 
(1 pp2).-l&F(P)=o. 
Then we obtain 
0) = U( pu) zi = C, = constant. (2.5) 
Letting p + 0 in (2.5), we have 
F(0) = U(0) = constant. 
So, we obtain the mean value formula (2.2) for 0 <p < 1. From the con- 
tinuity of the function U(pu), obviously, the formula (2.2) is valid for p = 1. 
COROLLARY. From the inversion theorem (see [4]), we know that the 
formula (2.2) also holds for p > 1. 
2.2. Poisson Integral Formula (the Formula of Mean Value about Any Point 
in D) 
THEOREM. Let D be a domain given by 
D = (x/s(x, a) < r < 1, r a positive number}, U-6) 
Eq. (2.1) be given on D, and U(x) be a twice continuously differentiable 
function satisfying (2.1) in D and be continuous on D + aD. Then we have the 
mean value formula about any point a in D, given by 
xu ( 1 -r2 l-au . 1 - r’aa’ a+r 1 - r2aa’ ’ ” ) 
Proof From (1.4) 
(x - a)(x - a)’ 
“’ = 1 - 2ax’ + aa’xx” 
This implies that 
(2.7) 
yy’= r2* 
(x - a)(x - a)’ 
1 - 2ax’ + aa’xx’ = 
r2. 
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So the hyperbolic translation (1.2) transforms a generalized sphere 
s(x, a) = r with center a and radius r in x-space to a usual sphere yy’ = r* 
with center 0 and radius r in y-space. Differentiating (1.2) we obtain 
(see Cll) 
l-au’ 2 
dy dy’ = 
1 - 2ax’ + aa’xx’ 
dx dx’. 
On the sphere yy’ = r*, y = ru, vu’ = 1, r = constant, dy = r du and dy dy’ = 
r* dv do’. From (1.9) we get 
1 -au’ 1 -r* 
1 - 2ax’ + aa’xx’ = 1’ 
On the other hand from Section 1.2 
1 -r2 1 -aa’ 
’ = 1 - r*aa’ a+r 1 - r’aa’ ” 
uu’ = 1, 
dx=r 
1 - au’ du. 
1 - r*aa’ 
Substituting (2.10) into (2.8), we obtain 
r* dv dv’ = 
and because 
1 -xx’= 
1 = 
( ) 1 - r*aa’ 
(1 - aa’)( 1 - r*)( 1 - 2rau’ + aa’r*) 
we get 
1 -r2 (1 - r*aa’)* 
iTZ?=(l-aa’)(l-2rau’+aa’r*)’ 
(2.9) 
(2.10) 
(2.11) 
(2.12) 
Substituting (2.9) into (2.11), and then substituting (2.12) into (2.11), we 
obtain 
(1 - r2aa’)4 
” dv d”’ = (1 - au’)* (1 - 2rau’ + aa’r*)* 
r2 (1-aa’)2 dudu’ 
(1 - r*aa’)* ’ 
i.e., 
(1 - r2aa’)’ 
du dv’ = (1 _ Zrau’ + aalr2)2 du du’ (2.13) 
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where du du’=dOT+sin* 6, dOi+sin* 13, sin* O2 dtl:+ ... + sin* 9, ... 
sin* O,-, de:-,. 
so 
* ( 1 - r*cC? 1 
n-1 
’ = 1 - rau’ + c&r* 
li (2.14) 
where ti=sin”-2~1sin”-302...sin8,_2d0,...d~,_1 is the spherical 
element. Since 
JTY)l,=o= W)I,=,, 
from the mean value formula about the origin (2.2), we get 
xu ( 1 -r* l-IX . 1 - r*aa’ a+r 1 - r*aa’ ’ ‘* ) 
This is the formula (2.7). 
We call (2.7) the Poisson integral formula. 
Remark. Formula (2.7) has two meanings. 
(1) It is a mean value formula. It says that the value of the function 
U at any point CI inside the sphere s(x, a) = r equals mean value of the 
function U on the sphere s(x, a) = r with a weight function. 
(2) Poisson integral formula solves the Dirichlet boundary value 
problem of Eq. ( 1.1) in domain D = (x/s(x, a) < r ) even if all we require of 
the boundary values is continuity on the surface of the sphere. We can say 
if the boundary value on 8D is known then the solution is given by (2.7). 
For example, for n = 2, r = 1 formula (2.7) becomes 
(2.15) 
This is the well-known Poisson formula of the Laplace equation in two- 
dimensional plane, the unique solution of the Dirichlet problem inside the 
unit circle. 
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2.3. Extremum Principle 
THEOREM. Let D be a domain in R”, and Eq. (1.1) be given in D. Zf a 
twice continuously differentiable non-constant function U(x) satisfies (1.1) in 
D then it cannot attain its extremum on any point in the interior of D except 
on the degenerate surface, xx’ = 1. 
Proof: From (1.10) we know that the domain D given by (2.6) must be 
contained either completely inside or completely outside the unit sphere 
and from the Remark in Section 1.2.3 we know that when a is on the unit 
sphere, the sphere s(x, a) = r in E” reduces to a point x = cx in R”. So the 
mean value formula (2.7) holds for any point a contained in R” except on 
the unit sphere. Therefore the theorem follows from the formula (2.7). 
2.4. Poisson Formula for the Unit Ball 
Putting r = 1 in formula (2.7), we obtain the formula 
U(x) =;;.1T-rj”~._;..l(l-:p.:q:P2)‘-’ u(v)zj, 
for x = pu inside the unit sphere, (2.16) 
U(x) =~j”“,_l...j(p2-p~p~:‘+1)‘-1 u(v)d, 
for x = pu outside the unit sphere. (2.17) 
Equation (2.16) is the Poisson formula for the unit ball given in [l] and 
(2.17) is the Poisson formula for the exterior of the unit ball given in [3]. 
From [l] we know that (2.16) is the unique solution of the Dirichlet 
problem to Eq. (1.1) in the unit ball, and from Theorem 2.2 in [4] we 
know that (2.17) is the unique solution of the Dirichlet problem to 
Eq. (1.1) in the exterior of the unit ball. 
Letting p = 0 in (2.16) we again obtain the mean value formula (2.2) 
about the origin. Letting p + cc in (2.17) we obtain the mean value for- 
mula about infinity 
hm U(pu)= &J”“,=l+(“)“. (2.18) p-00 
The right-hand side of (2.18) is just the right-hand side of (2.2). We know 
that in En there is only one infinity point. So if U(pu) satisfies (1.1 ), the 
value of U(pu) at infinity is the same as it is at the origin. All these values 
are equal to the mean value of U(v) on the unit sphere. 
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2.5. Characterization of Functions Satisfying the Mean Value Formula 
THEOREM. Let D be the unit ball and the function U(x) be twice con- 
tinuously differentiable in D and continuous on D + aD. Zf for any a E D and 
Odr< 1 we have 
xu 
( 
1 -r2 
a+r 
l-acr’ . 
1 - r2aa’ 1 -r’au” ’ ) 
then U(x) satisfies Eq. (1.1). 
Proof: Let x=pu, 
c@(x) = ~~““.;l...l(l-:~~~:p’)nl u(v)d 
then O(x) satisfies (1.1) in D (see Cl]), and Q(v)= U(v) on vv’= 1. Thus 
the function G(x) - U(x) vanishes on the unit sphere, and for function 
Q(x) - U(x) the mean value formula holds in the interior of the unit ball. 
so 
i.e., 
Q(x) - U(x) = 0 in D, 
CD(x) E U(x). 
Therefore U(x) satisfies (1.1) in D. 
From Section 1, we know that this theorem also holds for any domain 
outside the unit ball. 
3. WEIERSTRASS’ CONVERGENCE THEOREM 
WEIERSTRASS’ CONVERGENCE THEOREM (Theorem about Uniform Con- 
vergence of a Sequence of Harmonic Function). Let D be a bounded 
domain, which at most contains a degenerate surface C on aD, and Eq. (1.1) 
be given on D. Let { U,} be a sequence of harmonic functions, Uk E Cc2’(D), 
U, E C(aD), converging uniformly on aD. Then { U,} converge untformly to a 
harmonic function U in D. 
Proof We denote the values of the functions U, on aD by fk. By 
hypotheses the sequence of continuous functions (fn} is uniformly con- 
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vergent on 8D. In other words for any fixed E > 0, there exists a positive 
integer N, such that for n, m > N, we have If, -f,l < E everywhere on aD. 
From the extremum principle (see Section 2.3), for such n, m, we have 
) U, - U,l < E everywhere in D. By the Cauchy criterion we know that the 
sequence of harmonic functions is uniformly convergent in D. For the rest 
of this theorem we have to prove that the limiting function U satisfies 
Eq. (1.1) in D. Obviously, we only have to prove that U satisfies (1.1) in a 
neighborhood of any point in D. 
By Theorem 2.2, for any point c1 in D, we have 
x ulc ( 1 -r2 l-aa’ . 1 - r’aa’ a+r 1 - r2aa’ ’ ” ) (3.1) 
If Y > 0 is sufficiently small, the ball with center (( 1 - r2)/( 1 - r’aa’)) a and 
radius r(( 1 - aa’)/( 1 - r2aa’)) is in D. Because the sequence (U,} is 
uniformly convergent in D, taking the limit of both sides of Eq. (3.1), we 
obtain 
U(a) = 
~f”“.=l”‘f(l-:r~~~~afr2)n-’ Co 
1 -r2 
xu 
( 
a+ 
r(l-aa’) . 
1 - r2aa’ 1 - r2aa’ ’ ) ‘* 
(3.2) 
From Theorem 2.5 we know the right-hand side of (3.2) satisfies (1.1) in D, 
and this completes the theorem. 
The Weierstrass’ convergence theorem is similar to the original version 
for the Laplace equation. The difference is that in this theorem the domain 
D cannot contain the degenerate surface (the unit sphere) in its interior. 
Because if a point a is on the degenerate surface, we do not have a mean 
value formula at a, and in fact the extremum may be attained on a point 
on the degenerate surface contained in the interior of the domain D. 
4. HARNACK'S INEQUALITY AND HARNACK'S THEOREM 
4.1. Harnack ‘s Inequality 
THEOREM. Let U(a) (a =pu, uu’= 1) be a non-negative function satisfy- 
ing Eq. (1.1) inside and outside the unit sphere, then we have Harnack’s 
inequality (n 3 2): 
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l-p n--l 
0 
1 +P 
l+P U(0) 6U(a) 6 - ( ) 1-P 
n-1 u(o) 
9 
for a inside the unit sphere, (4.1) 
p-l n-1 
(4 
p+l “--l 
p+l 
U(co)< U(a)< - ( ) P-l U(~)> 
for a outside the unit sphere. (4.2) 
Proof: For any point u, u, if uu’ = 1, vu’ = 1, we have 
- 1 d uu’ Q 1. (4.3) 
First we consider the case that a is inside the unit sphere, then from (4.3) 
we get 
and 
(1 -p)k 1-2puu’+p2<(1+p)2 
l-P< l-p2 l+P 
l+p\ 1 -2puu’+pZQi7 
Since U(a) is non-negative, we obtain 
(~)“‘~I,“,-,.lU(“)” 
“$-j”“,y j( 1 ~:p~u~+p2)n-’ u(“)i, 
pJ’--& j”o,=l’-. j U(u)fi. 
(4.4) 
(4.5) 
From formula (2.2) and (2.16), we know (4.5) implies 
Imp n-1 
0 l+p u(O) < U(a) < - ( ) 
l+P n-1u(o) 
1-P 
This is (4.1). 
Analogously, it is easy to obtain (4.2) outside the unit sphere. 
For the Laplace equation using Hamack’s inequality one got Liouville’s 
theorem. But for Eq. (l.l), the Hamack’s inequality has been separated 
into two parts (4.1) and (4.2) by the degenerate surface and we cannot give 
Liouville’s theorem. In fact, in this case we have no Liouville’s theorem, 
SOS/S8/2.4 
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because in [3] and [4] we gave non-constant harmonic functions in entire 
space including infinity. 
4.2. HARNACK'S THEOREM. Let D be a domain contained entirely inside 
or outside the unit sphere (i.e., D is not to include the degenerate surface in 
its interior). If a non-decreasing or non-increasing sequence of harmonic 
functions in D converges at a single point of D, then it converges at all points 
of D, and the convergence is uniform in every closed interior subdomain of D. 
Proof From the inversion theorem of Eq. (1.1) (Theorem 2.2 in [4]) 
we need only consider that the domain D is contained entirely inside the 
unit sphere, and it will be sufficient o prove the theorem for a non-decreas- 
ing sequence. For arbitrary m, n and n > m we consider the difference 
ti=u,-urn, which is then non-negative. Suppose a is the single point 
of convergence in D, a = pu, UU’ = 1, p < 1. Then for harmonic function 4 
Harnack’s inequality yields 
l+p np1 0<4(a)< - ( ) 1-P 4(O). 
Obviously, (4.6) shows the uniform convergence of the sequence U, in 
every sphere of radius r 6 1 - 6. Since every closed interior subdomain of D 
might be covered by a finite number of sphere of suitable r < 1 lying 
entirely in D, we see that a repeated application of our argument proves 
the assertion. That the limit function is a harmonic function in D follows 
directly from Weierstrass’ convergence theorem above. This proves the 
theorem. 
5. ANALYTICITY THEOREM 
ANALYTICITY THEOREM. Let D be a domain contained entirely inside or 
outside the unit sphere. Then every function U(x) which is harmonic in D can 
be expanded in a power series in a neighborhood of every interior point B, of 
D, i.e., it is analytic. 
Proof It will be sufficient o prove the theorem for the domain D con- 
tained entirely inside the unit sphere. For the proof, we represent U(x) by 
the Poisson integral formula 
U(a) = ~i,.=,--i(l-:r~~~~,fr2)n 
XU 
( 
1 -r2 l-aa’ 
1 - r2aa’ a+r 1 - r2aar 
v 6. 
> 
(2.7) 
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Let O(B) = U(x), and we rewrite (2.7) by 
=- 1 s 1 n-1 - O(B0) aa’r2 . . . 
0 n- 1 s(x,a)=r 1 - 2rau’ + aa’r’ 
e(B) zj, (2.7’) 
where Bo is any interior point of D, the coordinates of Bo are given by the 
components of a = tu (UU’ = 1,O < t < l), and B is any point on a sphere 
s(x, a) = T with center a, radius I, and the coordinates of B are given by the 
components of 
1 -r2 
x = 1 - r2aa’ a+ 
r( 1 - au’) 
1 - r2aa’ ’ 
(VU = 1). 
We take radius r so small that the sphere s(x, a) = r is in the interior of 
D. Taking B as the origin of the coordinate system, we shall expand the 
right-hand side of (2.7’) as a power series (see [ 11) 
1 
I =- 
f 
. . . T,( tr)t’r’ 
w “-, s(x,m)=r 
x Pjn’2-1)(~u’) a(B) d, (5.1) 
where 
zI( tr) = 
F(a, /I, y, z) is the hypergeometric function and 
~!i’W) = 1 
qm-I-1) 
O<l<m/2 
( - 1)’ r(n) /, (m _ 21)r @4v- “3 
the Gegenbauer polynomial. 
(In other words Pj”/‘- l)(uu’) is a polynomial in u for each u, and z,(tr) is a 
power series (or polynomial) in t.) 
Since for 0 < r < 1 when 0 < t < 1 is sufficient small series (5.1) is 
uniformly convergent (for 0 < t < r < 1 the hypergeometric series z,(tr) is 
uniformly convergent and zI( 1) = 1 ), we can interchange summation and 
integration and get 
O(Bo) = & ,% ,I;:; 2 Tl(tr) 
x t’r’ 
I 
... Pjn’2--)(~u’) u(B) tis. 
I (5.2) s(x,a) =r 
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This shows that O(Bo) = U(a) is analytic at the point Bo. Since Bo is an 
arbitrary point in D, U(a) is analytic everywhere in D. This concludes the 
proof. 
Remark. In this theorem the analyticity cannot be extended to a 
degenerate surface. Since if we suppose U(u) is a sufficiently smooth 
spherical function on the unit sphere, then (2.16) and (2.17) is a harmonic 
function in the entire space including infinity, but it has twice continuous 
derivatives and no third derivative on the degenerate surface (see [3]). 
This provides a counterexample. 
6. GAUSS' INTEGRAL THEOREM 
If we consider a bounded domain D which does not contain a degenerate 
surface in its interior and boundary, this is the usual elliptic case and 
obviously Gauss’ integral theorem holds. When the domain D contains a 
degenerate surface in its interior or boundary, Gauss’ integral theorem still 
holds, but it assumes another form for Eq. (1.1). 
In the following theorem, U is called regular in D if 
(1) UE C(*) in D; 
(2) UE C(l) on D + 8D; 
(3) U satisfies (1.1) in D. 
THEOREM (Gauss’ Integral Theorem about a Degenerate Surface). Let 
D be a bounded domain containing the unit sphere C (C a degenerate sur- 
face) in its interior or as its boundary. If U is regular in D, then on the 
degenerate surface C, we obtain: 
lim Lj . ..[[-$---I C=O, for CcD, (6.1) 
P-+lfOW,-1 ov’=l 
(6.2a) 
for C=aD. 
(6.2b) 
Proof: It will be sufficient o prove the theorem for 0 < p c 1. Since U is 
a harmonic function, it satisfies Eq. (1.1) in spherical coordinates: 
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i.e. (0 < p < 1 ), 
a f-m 
p~~+p~~n-2~~1+p'~+~l-P2~l~ +ay=o. 
Taking p as a parameter and integrating on the sphere, we get 
(6.3) 
From [ 1, p. 303, by the periodicity of function U with respect to e,,..., 
e +,, we know 
So the left-hand side of (6.3) equals zero. And from [4] we know 
wp4 
ap =o (uu’ = 1). p=l 
This implies 
aw4 aw4 aw4 --- 
a2u 
= lim aP 7 ap p=l p+l P-l 
ap = lim ap 
p+l p-l 
Taking limit of both sides of (6.3) as p + 1, and then substituting (6.4) into 
(6.3), we get 
,!~o{~2J-u”.~,--~~ tj+p[(n-2)(1+p2)+(1-P2)l 
X&j"",=,--*l~~} 
= lim 
p-l-0 1 
-p2+~l(n-2)(1+P2)+(l-P2)l}~"",_~...~~d 
= 0. 
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Therefore 
lim +jUU,=l...~$&d=O. 
p-l-00 
This is (6.2b). In a similar way we obtain (6.1), (6.2a). 
APPENDIX 
Two important theorems about the maximum principle follow. 
THEOREM A. A non-constant solution of the elliptic differential equation 
+ f b%hU=O 
i,j= 1 rl axiaxj i=, ’ ax, (1) 
with 
t a&,t;,>a>O 
i,j= 1 
(2) 
h < 0, can attain its maximum (or its minimum) only on the boundary of a 
domain. 
THEOREM B. Let U satisfy Eq. (1) . tn a domain D in which L is untformly 
elliptic. Suppose that U 2 M in D and that U = M at a boundary point P. 
Assume that P lies on the boundary of a ball K, in D. If U is continuous in 
D v P and an outward directional derivative aU/av exists at P, then 
au <o av. at P 
unless U - M. 
(3) 
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By offering the Poisson kernel in (2.16) as a counterexample we explain 
that Theorem A and Theorem B are not true for degenerate elliptic 
equations. Poisson kernel (x = pu, uu’ = 1) 
P(x, u) = ( 1 -xx’ 
n-1 
1 - 2x0’ + xx’ ) ( 
1-p* 
= 1-2puv’+p2 ) 
n-1 
(4) 
is positive everywhere xcept that the value of P(x, u) is zero on the unit 
sphere when u # u. Therefore, if we choose a domain D including a piece of 
the unit sphere in its interior but excluding x = v, then there is a function 
P(x, v) satisfying 
(1-xx’)[(1-xx’)i~~~+2(nZ)i~~xi~]=0 (1.1) 
I I 
in D, but P(x, V) attains its minimum zero on the degenerate surface 
xx’ = 1 including in the interior of the domain D. So, for Eq. (1.1) 
Theorem A is not true. 
Below we explain that, for (1.1 ), Theorem B also is not true. We choose 
a domain D included in the unit ball B and a part of aD is a piece of aB 
excluding the point v. For any integer n, P(x, u) is positive in the interior of 
D and aD/i?B, but the value of P(x, U) is zero on aD n aB. Obviously, we 
can choose a point P, on aD n CJB such that there exists a ball K, in D and 
Po( #II) lies on aK,. 
We know that the function P(x, V) satisfies Eq. (1.1) and is continuous in 
D u P, and the normal derivative aP(x, u)/ap = aP(pu, o)/ap exists at P,, 
but we have 
amu, 0) 
ap po 
= o at P,. 
In fact we can compute as follows: 
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since 
p~‘2--)(Ud) 1 pu=Pg 
)I =o 
and when pu = PO we have p = 1 and u # u. Therefore the above normal 
derivative of the series is zero. So, for Eq. (1.1) Theorem B also is not true. 
Below we give a maximum principle for degenerate lliptic equations. 
DEFINITION. Any surface on which Eq. (1) becomes a parabolic 
equation or an equation of first order is called a degenerate surface of 
Eq. (1). 
THEOREM (Maximum Principle for Degenerate Elliptic Equations). Let 
D be a domain. Let Eq. (1) with h < 0 have bounded coefficients and be ellip- 
tic in D except on some lower-dimensional surfaces which are contained in 
the interior of D or on its boundary aD and which are degenerate surfaces of 
Eq.( 1). Then each solution of (1) attains its maximum (or minimum) either 
on aD or on one of these degenerate surfaces in the interior of D. 
Proof: Suppose the boundary of D denoted by aD = aD, + aD,, aD2 is 
degenrate. A degenerate surface C is included in the interior of D. We say 
that this Theorem must be true. Otherwise suppose M is the maximum of 
U on aD v C, then there exists a point A in D - C, and we have 
where 6, > 0. 
U(A)>M+6, (6) 
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Construct a 6 neighborhood N6 aD2 about iYD2 (we only consider 
N6 aD, n 6) and a 6 neighborhood N, C about C. For 6 small enough 
NsCc D and 
Ac(D-NJ)-(N,cYD,d)=D,. 
Since the function U is continuous, then the maximum M, of U on aD6 
satisfies 
(7) 
Therefore, we have 
On the other hand, (1) is uniformly elliptic in D, and U is continuous on 
D6 uaD,. By the maximum principle of elliptic equation U attains its 
maximum (or minimum) on aD,. In other words Mb > U(A). This is a con- 
tradiction to (8). The proof of this theorem is finished. 
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